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a b s t r a c t
Suppose G is either a soluble (torsion-free)-by-finite group of finite rank or a soluble linear
group over a finite extension field of the rational numbers. We consider the implications
for G if G has an automorphism of finite order m with only finitely many fixed points. For
example, ifm is prime then G is a finite extension of a nilpotent group and ifm = 4 then G
is a finite extension of a centre-by-metabelian group. This extends the special cases where
G is polycyclic, proved recently by Endimioni (2010); see [3].
© 2010 Elsevier B.V. All rights reserved.
An automorphism φ of a group G is said to be almost fixed-point-free (a phrase we shorten to afpf) if its fixed-point
set CG(φ) is finite. In [3] Endimioni proves that a polycyclic-by-finite group with an afpf automorphism of prime order is
nilpotent-by-finite. Here we present a somewhat shorter alternative proof of this that also delivers the same conclusion for
finite extensions of torsion-free soluble minimax groups and also for soluble-by-finite linear groups over finite extension
fields of the rational numbers Q. Trivially polycyclic groups are (torsion-free)-by-finite, soluble, minimax and of finite rank
and, less trivially (e.g. see [7], 1.2), (torsion-free)-by-finite soluble groups of finite rank have faithful finite-dimensional
representations over the rationals Q. Neither reverse implication holds.
If G is a finite soluble group with a fixed-point-free automorphism of prime order p, then G is nilpotent of class bounded
by a function of p only—see Higman [4]; the least such function we denote here by h(p). (By a famous theorem of J.G.
Thompson the solubility restriction is unnecessary, but we only require the soluble case.) Endimioni actually proves that if
G is polycyclic-by-finite with an afpf automorphism of prime order p, then G has a nilpotent normal subgroup of finite index
and class at most h(p). This also applies to our minimax, finite rank and linear cases. Below, Theorem 1 is our basic result
and its proof delivers our proof of Endimioni’s theorem. Theorem 2 we derive from Theorem 1 and Corollary 1 is immediate
from Theorem 2 and [7], 1.2.
Theorem 1. Let G be a finite extension of a torsion-free soluble minimax group. If G has an afpf automorphism of prime order p,
then G is (nilpotent of class at most h(p))-by-finite. If G has an afpf automorphism of order 4, then G has a characteristic subgroup
H of finite index with its second derived group H ′′ central in H.
Theorem 2. Let G be a soluble-by-finite subgroup of GL(n, F), where n is a positive integer and F is a finite extension field of the
rationals. If G has an afpf automorphism of prime order p, then G is (nilpotent of class at most h(p))-by-finite. If G has an afpf
automorphism of order 4, then G has a normal subgroup H of finite index with its second derived group H ′′ central in H.
Corollary 1. Let G be a finite extension of a torsion-free soluble group of finite rank. If G has an afpf automorphism of prime
order p, then G is (nilpotent of class at most h(p))-by-finite. If G has an afpf automorphism of order 4, then G has a characteristic
subgroup H of finite index with its second derived group H ′′ central in H.
Endimioni also settles the casewhere φ has order 4 for polycyclic groups; see [3], Prop. 2.1. In fact we prove the two cases
in each of Theorems 1 and 2 simultaneously by proving the following, at least superficially, wider result. Supposem > 1 is
an integer and V is a variety of groups such that whenever G is a finite soluble group with a fixed-point-free automorphism
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of order m, then G ∈ V. Then if G is a group as in Theorem 1 or Theorem 2 with an afpf automorphism of order m, then
G is a finite extension of a V-group. In the first case V is the variety of all nilpotent groups of class at most h(p) and in the
second the variety of centre-by-metabelian groups. That a finite soluble group with a fixed-point-free automorphism of
order 4 is centre-by-metabelian is due to Kovács; see [5]. (Again the solubility restriction is unnecessary, here by a result of
D. Gorenstein & I.N. Herstein, but again all we use is the soluble case.)
There is no advantage for the above theorems in assuming that the automorphism φ is actually fixed-point-free. As
pointed out in [3,2] the infinite dihedral group is polycyclic but not nilpotent and the wreath product of two infinite cyclic
groups is metabelian but not nilpotent-by-finite and yet both have fixed-point-free automorphisms of order 2. The latter
group is isomorphic to a linear group of degree 2, but only over a field of positive transcendence degree (and characteristic
zero). There is nothing particular about the prime 2 here. In a similar way for each prime p one can construct an abelian-
by-finite polycyclic group of Hirsch number p − 1 that is not nilpotent and a p-generator metabelian group that is not
nilpotent-by-finite, both having fixed-point-free automorphisms of order p.
Our final result, Corollary 2, considers these questions for soluble linear groups over the algebraic closure of the rational
numbers. The conclusions are weaker than those of Theorems 1 and 2, necessarily so as an example shows.
Lemma 1. Let φ be an automorphism of a group G and A a φ-invariant abelian normal subgroup of G. Define C, K ≤ G and
γ : G → G by C = CG(φ), K/A = CG/A(φ) and γ : x → x−1.xφ for x ∈ G. Then
(K : CA) = (Kγ .Aγ : Aγ ) ≤ (A : Aγ ) and (K : A) ≤ (A : Aγ )(C : C ∩ A).
Our interest is only where these indices are finite.
Proof. Note first that γ |A ∈ EndA, so Aγ is a subgroup of A and A ⊇ Kγ , so the statements of the lemma do make sense.
If x, y ∈ K and a ∈ Awith xγ = yγ .aγ , then
x−1.xφ = y−1.yφ.a−1.aφ = a−1(y−1.yφ)aφ
since y−1.yφ and a lie in the abelian group A. Hence yax−1 = (yax−1)φ, so yax−1 ∈ C and y ∈ CxA = CAx. Also if c ∈ C , then
(cxa)γ = a−1x−1c−1c.xφ.aφ = a−1.xγ .aφ = xγ .aγ .
Therefore (K : CA) = (Kγ .Aγ : Aγ ) ≤ (A : Aγ ).
Hence (K : A) = (K : CA)(CA : A) ≤ (A : Aγ )(C : C ∩ A). 
Lemma 2. Assume the notation of Lemma 1. Suppose that A is torsion-free and minimax and that C is finite. Then K/A is finite.
Proof. Here C ∩ A = ⟨1⟩ and C ∩ A = ker(γ |A), so A ∼= Aγ . Also A has a series of finite length whose factors are infinite
cyclic, Prüfer or finite. Moreover the number of infinite factors in such a series is an invariant for A. Therefore (A : Aγ ) is
finite and hence Lemma 1 yields that (K : A) is finite. 
Lemma 3. Let φ be a fixed-point-free automorphism of finite order m of the torsion-free abelian group A. Set π = {primes p :
p does not divide m}. If B is a φ-invariant subgroup of A with C = A/B a π-group, then φ acts fixed-point freely on C.
Proof. Set η = 1+φ+φ2+· · ·+φm−1 ∈ EndA. Then η(1−φ) = 0, so Aη ≤ CA(φ) = {0}. If c ∈ CC (φ), then 0 = cη = mc
and (m, |c|) = 1. Therefore c = 0 and hence CC (φ) = {0}, as claimed. 
Lemma 4. Let φ be an afpf automorphism of finite order m of the finite extension G of a torsion-free soluble minimax group. Set
π = {primes p : p does not divide m}. Then G has a characteristic soluble subgroup H of finite indexwith the following properties.
(a) H is residually a finite π-group.
(b) If N is a φ-invariant normal subgroup of H with H/N a π-group, then φ acts fixed-point freely on H/N.
(c) Suppose V is a variety of groups such that every finite soluble π-group with a fixed-point-free automorphism of order m lies
in V. Then H is a V-group.
Theorem 1 follows from Lemma 4 and comments in the introduction.
Proof. There exist positive integers n and q such that G is isomorphic to a subgroup of GL(n, Z[q−1]), Z denoting the ring of
integers; e.g. see [7], 1.3. It follows from [6], 3.6, 9.33 & 4.7, that G has a normal series
⟨1⟩ = G0 ≤ G1 ≤ · · · ≤ Gr ≤ G (∗)
of finite length such thatG/Gr is finite, eachGi/Gi−1 is torsion-free abelian andGr is residually a finiteπ-group. If (G : Gr) = k,
thenGk ≤ Gr is characteristic and of finite index inG. Thus replacing eachGi by∩ψ∈AutGGiψ∩Gk implies that wemay assume
that the above series (∗) is a characteristic series of G.
Set H = Gr . Clearly H is soluble. Also (a) holds. Let N be as in (b). Lemma 2 and a simple induction show that φ induces
an afpf automorphism on each G/Gi and hence φ acts fixed-point freely on each Gi+1/Gi. Then Lemma 3 yields that φ acts
fixed-point freely on Gi+1N/GiN ∼= Gi+1/Gi(Gi+1 ∩ N) for each i < r and consequently φ acts fixed-point freely on H/N .
Thus H satisfies (b).
Notice that if N is a normal subgroup of H with H/N a finite π-group, then H/ ∩j Nφj is also a finite π-group and the
intersection of all ∩jNφj such that φ has orderm on H/ ∩j Nφj is ⟨1⟩ by (a). If N is a normal φ-invariant subgroup of H with
H/N a finite π-group on which φ has orderm, then (b) implies that H/N is a V-group. Consequently so is H . 
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Remark. Extending Lemma 2 slightly, if in Lemma 1 the subgroup A is just minimax and if C is finite, then K/A is finite.
This is because in the notation of Lemma 1 the kernel of γ |A, namely CA(φ) is finite, so (A : Aγ ) is finite, again by counting
the infinite factors in series for A and Aγ ; hence K/A is finite by Lemma 1. In particular (Endimioni [3], Lemma 2.3) if A is
finitely generated and C is finite, then K/A is finite.
Lemma 5. Let G be a soluble subgroup of GL(n, R), where R = Z[q−1] and n and q are positive integers. Then G is minimax.
This is surely well known, but I have failed to find a proof in the literature. There are a number of published proofs of the
polycyclic case, that is the case q = 1. The proof below is a minor modification of one of them. Note that we only use here
the special case where G is also finitely generated and for this the Dirichlet Unit Theorem is not required.
Proof. Set T = Go, the connected component of the identity in G, andU = u(T ), the unipotent radical of T . (Our linear group
notation is standard and is as in [6].) Then (G : T ) is finite and there is a finite extension field F of Q and an x in GL(n, F)
such that T x ≤ Tr(n, F); see [6], 5.8. If t ∈ T , then the eigenvalues of t and t−1 are integral over R, so if J denotes the ring
of algebraic integers in F , then T/U ∼= T x/Ux is embeddable in the direct product of n copies of the group of units of J[q−1].
By the Dirichlet Unit Theorem (e.g. [1], page 72) the group T/U is a finitely generated (abelian) group, something that is
immediate if G is finitely generated.
We claim that there exists y in GL(n, R) such that Uy lies in the (upper) unitriangular group Tr1(n, R). If so U will have
a series of length n(n − 1)/2 whose factors embed into the additive group of R and consequently U and hence G will be
minimax.
U is certainly unitriangularizable over F . Set V = R(n), the row n-space over R with standard basis e1, e2, . . . , en. Then
[V ,n U] = {0}. If V/[V ,U] is R-torsion, then fV ≤ [V ,U] for some integer f ≥ 1, so f nV ≤ [V ,n U] = {0}, a contradiction.
Also R is a principal ideal domain. Therefore there is an R-submodule W ≥ [V ,U] of V and some v1 ∈ V\{0} such that
V = Rv1 ⊕W . ClearlyWU ≤ W . Induction on n yields an R-basis v1, v2, . . . , vn of V such that
[vi,U] ≤
−
j>i
Rvj for all i.
There exists y ∈ GL(n, R)with viy = ei for each i. Then
[ei,Uy] = [vi,U]y ≤
−
j>i
Rvjy =
−
j>i
Rej.
Therefore Uy ≤ Tr1(n, R), as required. 
Lemma 6. Let G be a finitely generated soluble subgroup of GL(n, F), where n is a positive integer and F is a finite extension of
the rationals Q. Then G is minimax and (torsion-free)-by-finite.
Proof. Set d = dimQ F . Then GL(n, F) embeds into GL(dn,Q), so G, being finitely generated, is isomorphic to a subgroup of
GL(dn, Z[q−1]) for some q ≥ 1. Now apply Lemma 5. The final claim follows from [6], 4.8. 
Lemma 7. Let G be a soluble-by-finite subgroup of GL(n, F), where n is a positive integer and F is a finite extension field of the
rationals, such that G has an afpf automorphism φ of finite order m. Suppose V is a variety of groups such that whenever X is a
finite soluble π-group, with π as in Lemma 4, with a fixed-point-free automorphism of order m, then X ∈ V. Then G is a finite
extension of a V-group.
Theorem 2 follows from Lemma 7 and comments in the introduction.
Proof. Let X be a finitely generated subgroup of G. Then Y = ⟨Xφi : i = 0, 1, . . .⟩ is also finitely generated and φ-invariant,
and φ induces an afpf automorphism on Y . Moreover if X is sufficiently large, φ has order m on Y . Therefore by Lemmas 4
and 6 the subgroup Y is a finite extension of a V-group. Therefore Y o is a V-group (the Zariski closure of a V-subgroup is a
V-subgroup; see [6], 10.7) and consequently so too is Xo. Now H = X Xo is a normal V-subgroup of G with G/H locally
finite (each X/Xo is finite). However H may not be (Zariski) closed in G, but its closure K in G is also a V-group. Finally G/K
is isomorphic to a locally finite, linear group of finite degree over F by [6], 6.4. Consequently G/K is finite by [6], 9.33, and
the proof is complete. 
Remark. The above proof of Lemma 7 has only used that G is soluble-by-(locally finite) rather than soluble-by-finite.
However every soluble-by-(locally finite) subgroup of GL(n, F), F as in Lemma 7, is soluble-by-finite, so the apparent
generalizations of Lemma 7 and Theorem 2 are spurious. However we do have the following.
Corollary 2. Let G be a soluble-by-(locally finite) subgroup of GL(n, F), where n is a positive integer and F is the algebraic closure
of the rational numbers. Suppose G has an afpf automorphism of finite order m. If V is a variety of groups such that whenever X is
a finite soluble π-group, with π as in Lemma 4, with a fixed-point-free automorphism of order m, we have X ∈ V, then G has a
subgroup of finite index that is an extension of a V-group by a periodic abelian linear group over F .
We obtain the obvious special cases whenm is prime or 4.
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Proof. Basically we repeat the proof of Lemma 7. If X is a finitely generated subgroup of G, then X is soluble-by-finite and is
isomorphic to a linear group of degree n over a finite extension of the rationals. As in the proof of Lemma 7 we obtain that
Xo is a V-group, and with H and K as in that proof we obtain the H and K are V-groups and G/K is isomorphic to a locally
finite linear group over F . Since char F = 0, the group G/K is abelian-by-finite by a theorem of Schur ([6], 9.4). The claims
follow. 
In Corollary 2 we cannot deduce, even in the m prime case, that G is a finite extension of a V-group. For with F as in the
corollary let B be the subgroup of F∗ generated by all the roots of unity of odd prime order, set A = Z[B] ≤ F and
G =

g =

b 0
a 1

: a ∈ A&b ∈ B

.
Then G is a metabelian subgroup of GL(2, F) isomorphic to the split extension of A by B that is not nilpotent-by-finite, the
latter since the elements of B\⟨1⟩ act fixed-point freely on A. Let y =
−1 0
1 1

. Then direct calculation shows that y2 = 1,
y normalizes G and CG(y) = ⟨1⟩. Thus conjugation by y yields a fixed-point-free automorphism of G of order 2. (To see that
CG(y) = ⟨1⟩, note that if g ∈ CG(y), then
g = gy =

b 0
1− a− b 1

,
so a = 1− a− b. This implies that 1− b = 2a, so b = 1, 2a = 0, a = 0 and g = 1.)
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